[Terry Lee]

HSC Ext 2 2016 Solutions

Multiple Choice

1)y =X
2 C) P'(x) =5x* —3x* —2x, both P(1) =P'(1) =0
3 A) Circle has e =0, ellipse has e <1, parabola

has e =1, hyperbola has e > 1.
4D)w-1z

- _. 2
) i
1+i 2
6 C) *Cy + 'Cy + °Cy + °Cy + °C, =715
7 D) xy =c? and x> — y? = a? are the same if a =~/2c

Jk =28, k=16

8 C) resolving the forces
9A)X—2=E, SX 3h +2and —— y=3 E
6 4 T2 4 4

10 B)x+£=—1,.'. X*+X+1=0
X

—i,.". rotation clockwise by %

,.y=h+3

X3 =1since x¥ —1=(x-1D(x* +x+1) =0,x =1
- X2016 =1

1
S =2

Question 11

@ (@) z=3-i= 2cis(—%]
(i) 2° = 2° cis(-7) = —2° = —64, . real

(ii) " —2”CIS( 5 jIS purely imaginary when

cos[ nﬁj—o,.'.n—ﬁ=£+kﬁ .n=3+6k,
6 6 2

wherek e Z

(b) Let u = x,dv = e ?*dx then du = dx,v = —%e“

J.xe’zxdx = —%xe2X +%Ie2xdx

= —%xe2X —%e“ +C
(c) 3x* +3y%y =2(y +xy')
y'(3y* —2x) =2y -3x*
i dy 2y — 3x
Cdx 3y*-
(d) (i)

v

C

(e) For xsin’lg, the domain is the domain of sin’lg
cs.domainis—2<x<2,

When x =2, f(2)=2><%=7r

When x = -2, f(—2)=—2><—%=7r

When x=0, f(0) =0
~.Rangeis0<y<r
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Que-stj((z)n t{g Cp(pz _12j |
@0 g+ =t Sum of roots =2 =cp -
004=9a—¥xa&=1—g=g,e=%§ —
(i) (++/5,0) " X :_%
(iv)x=i% But _%:Cq',_q:_#

(b) () F () +x F'(x)=x £/() = £ (X)
(ii) _[ f(x)dx = x f(x) —_[x £/(x)dx
X

J-tan‘l xdx = xtan ™ x — j—zdx
1+x

=xtan™ x—%ln(1+ x?)+C

(c) (i) (cos@ +ising)" =c* +4c? (is) + 6¢? (is)*
+4c(is)’® + (is)*, where ¢ =cos@,s =siné
=C0s40 +isin40
By equating the real parts,
c0s460 = cos’ 6 —6cos” Asin® O +sin* @

(i) cos40 =cos* O —6cos® O(1—cos’® 0) +
(1-cos®0)®

=cos* 0 —6cos* @ +6¢0s* O +1—2cos’ O +cos* O
=8cos*H -8cos’ O +1

dy ¢
oo dp_ pt 1
@ Om, =g =——=-
dp
m, = p’
C
y——=p*(x—cp)
p
C
Y~ p(x—cp) = px—cp?
P P
px—l=0(p2—%
p p

2

(ii) Replace y by c
X

c? 1
p><——=0(p2——2]
px p

px? —cp[p2 —izjx—c2 =0
p
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Question 13

(@) f(x)=x*,..In f(x)=xInx.
wzlnxﬂ

f(x)

f'(x) =0 when Inx=—1,_-,x=%
T

f'x) —-e¢ 0 1
Ny o/

.. When x =l, f (X) is minimum.
e

(b) Let «.BPC = Z/BCP =aq.
ZABC =2« (exterior angle ina A = sum of 2
opposite interior angles)
/BCA =90° (semi-circle angle)
Z/BAC =« (angles in alternate segments)
~.a =30° (angle sum in AABC)
/ACQ = ZCAQ = ZABC =60° (angles in alternate
segments), .. ZAQC =60° (angle sum in AAQC)

/CQO = %ZCQA (AOCQ = AOAQ (SSS))

=30°= £BPC.
. AOPQ is isosceles, ..OP =0Q
(c) (i) tan LBAC =% sin Z/BAC =§,cosLBAC =%
Resolve the forces at C,
5Mg 50M

4
vert, =T, —-Mg=0,..T, =———
51 V9 oy 4

hor, §Tl +T, =0.3M o
5
Sub T, =¥ gives
T, =0.3M 0* _30M _jam (wz —@]
4 4
=0.3M (® - 25)

(ii) T, > T, gives 0.3M (* - 25) > SOM

50 _ 200

w2—25>ﬂ, ie. w*>25+—=
1.2 1.2 3

.o >8.16 rad/s

A =4b* —12ac = 4(b* — 3ac)
p(x) cuts the x-axis only once if p’(x) >0
i.e.A<0,..b*-3ac<0

2
(ii) p'[—£j=3ax—2+2bx_—b+c
3a

9a 3a
bt b
3a 3a 3a
p"(x)=6ax+2b=6a><_—b+2b=0

3a

_b is a root of multiplicity 3.
3a

HSC Ext 2 2016 Solutions

(d) (i) p’(x) =3ax® + 2bx +cC.
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Question 14
@ () J' sin? xdx = J' (1-cos? x)sin xdx
= J.sin xdx —J.cos2 xsin xdx

1
=—cosx+§cos3 X+C

(ii) The graph of cos®™ ™ x,0< x <7, is symmetrical

about the point (%Oj I cos™* xdx =0
0

A
— T
72'\

(iii) V=27rj Xydx = 27rj xsin® xdx

v

T
For | =j xsin® xdx, let u = x,dv = sin® xdx
0

1
du = dx, v =§cos3 X —COS X

T

—J.ﬂ(lcos3 X — COS xjdx
o 0.3

30 -
| = gxcos X — XCOS X

=—£+7r=2—ﬂ, since_[ (lcosﬁx—cosxjdx:O
3 3 0\ 3
2
.‘.V=4ﬂ u’
3

b) (i) I 1
| = B —
(0) 1 IO(X2+1)Z
Let x =tan@,dx =sec’ 6d@

When x = 0,60 = 0. When x=1,9=%.

|_j ssec’0, 9 jcos 0do
0 Sec
ZJ'41+C0529 40

0 2

1 9+lsin29 4=£+l
2 2 o 8 4

1 2 1
12+x de:J' 21 dx
o(x“+1) 0 X" +1

= [tan’l x]; =%

(i), +1, =

(iii) 1, ='[1ﬁdx

ol X4
o (x? +1) j(x +1)2
el 2
= —dx+|
Jox?+1
el 2 d
=1(1- X+ 1
.o[ X2+1j °

[x—2tan™ x]l +1,

7 nm 1

=1l-—+—+-—

2 8 4
_5_ 38
4 8

(€) LHS? = X% + 2x/X +1=2xX + (x + 1)(x? = x +1)
Since (x-1)*>0,.. x> +1>2x
5 LHS? > 2x/X + (X +1)(2x — X)
= 2xX + (X +1)x = RHS?.
- LHS>RHS
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i 1
Question 15 ) () 3! :§+ B N C N D
X(X+D)(X+2)(x+3) x x+1 x+2 x+3
a) Letx=a?,.a=+/X I I
@ o’ e = where A= 3t 3—:
Sub a =+/x x—>0 (X+1)(x+2)(x+3) 6
x3/X —3/X +1=0 _lim 3! s
ﬁ(x—3) __ Xo- 1x(x+23)'(x+3) 3—I2
X(x* —6x+9)= = lim—> 2
2 x(X+1)(x+3) 2
x*—6x*+9x-1=0 I I
(b) (i)a:d_(?ﬂ]:_ﬂ_z x(x+D(x+2) -
X X n!
L, o (i) a, = L)
Eszﬂ_JrC Hkx(x+1)(x+2) (XA+K)...(x+n)
X
) _ n!
Whenv=0,x=b,.C=-— —k(-k+1)...-k+k =D x(-k +k +1)...(-k +n)
(-D)*n!

V= —yx/z /u (negative as it moves to the left)

(||)v— ——ux/—b X

bx
dt=——j  |[——ax
0 ’u\/i b Vbh—x

Let x =bcos® @, dx = —2bcosfsinHdo

When x =b,0 = 0. When x:d,ezcosl\/g

(< 2b J‘°°S \f bcos6
Josing

cos? 0do.

(iii)tzl\/E Jod —d? +bcosl\/§
u\2 b
Whend=0,t=1\/Exbﬂ m/_
u 2 2\/_,u

———cos@sin0do

B b\/% JAcos1 E
u o Jo

" K(k=1)..1x1.2...(n—k)

_ (Dfnt (0
_k!(n—k)!_( D (kj

(iiii) Sub x=1to

n! —a°+ Q N a,
X(X+1)..(x+n) X x+1 ~ x+n

0wl
== - ..+

x\0) x+1\1 Xx+ni{n
n—!zl_l[n]+.'.+(_1)”
1.2..(n+1) 2\1 1+n

U L TR G Vi n! 1
Sl T “(+)! n+l
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Question 16

(@) (i) 1=|z|=|w,z=cos6 +isin6,w=cosa +isina
Iml+z+w)=sinf@+sina=0
~.8inf@ =—sina =sin(-a)
LO=—a
Re(l+z+w)=1+c0s0+cosax =0
~1+2c0s60=0

coso =—1
2

s Z—CIS— and w= us[ —2n Jform an
3 3

equilateral triangle.

(i) Let z, =2(cos@ +isinB),z, = 2(cosa +isina)
Re(2i +z,+2,) =2(cos@ +cosa) =0

.€0SO =—cosa

LO0=r—-a

Im(2i+2z, +2,)=2(1+sin@ +sina) =0
~.1+2sin@ =0, since sina =sin(z —0) =sinO

sing@ =—1
2

s 2,7 _20|s( 5 jandz —ZCIS% form an

equilateral triangle
(b) (i) If 0,u and w form. the vertices of an equilateral

triangle, then u cis(i%} =W

(U+w)(u*—uw+w?)=0
S Uu? +w? =uw, since u #-w
(ii) For example, u =/3+i,v=3-i

(c) (i) If Tom and another person have their own hats
then there are D(n — 2) ways of the rest selecting
the wrong hats. But instead of Tom, it can be any
of other n—1 people, .. the number of ways in
which 2 are correct is (n—1)D(n-2).

(it) If only Tom has his own hat, then the

number of derangement is D(n—1), but instead of
Tom, it can be any of the other n—1 people, .". the
number of ways in which 1 is correct is
(n-1)D(n-1)

~.D(n) =(n-1)[D(n-1)+ D(n-2)]

(iii) D(n) —nD(n-1)=-D(n-1)+ (n-1)D(n-2)
=-[D(n-1)-(n-1)D(n-2)]

(iv) D(3)-3D(2) =-[D(2) -2D(1)] =-[1-0]=-1
D(4)-4D(3)=-[D(3)-3D(2)]=-[-1] =1
D(5)-5D(4) =—[D(4)-4D(3)] =—[1]=-1

and so on.

~.D(n)—nD(n-1)=(-1)".

1 (_1\F
(iv) Letn=1,D(1) =1!Z@ =1-1=0,..it's
= I:
true forn=1.
- (=D
Assume D(n) = n!ZT is true.
r=0 -

RTP D(n+1) = (n +1)!§ﬂ

D(n+1) = (n+1)D(n) + (-)"*, from part (iii)

=(n +1)n!i (—rll)' + (=)™t

=(n +1)!(1—1+l—£+...+ﬂ)
2! 3! n!

(n+1)!

(n+1)!

+ (_1)n+l %

(n+1)l§( U

By the pr|n0|ple of Induction it's true for all n >1
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